Abstract. In this paper the authors prove unique solvability of the initial-Dirichlet problem for the heat equation in a cylindrical domain with Lipschitz base, lateral data in Lp, p > 2, and zero initial values. A Poisson kernel for this problem is shown to exist with the property that its L2-averages over parabolic rectangles are equivalent to ¿'-averages over the same sets.
Introduction. Let D denote a bounded Lipschitz domain in R" and D+ the cylinder D X (0, oo). Given a continuous function g on 37) + and compactly supported there, there exists a unique classical solution, u, of the heat equation with initial-boundary data g. When we fix a point (x, t) G D+ the mapping g -» u(x, t) is a continuous nonnegative linear functional on C(dD+) and hence there exists a unique Borel measure, u>x'', on 37)+ so that u(x, t) = /3D gdux''. The measure ux-' = «¿-' is called the caloric measure (associated with D+ ) evaluated at (x, t). Because of Harnack's inequality [7] for nonnegative solutions of the heat equation, for T fixed and positive all the measures (wxT: x G D) are mutually absolutely continuous.
In this work we examine the relations between the surface measure and the caloric measure, ux'T, restricted to the lateral boundary, 97) X (0, T), of D X (0, T). Our main result states that caloric measure and surface measure on 37) X (0, T) are mutually absolutely continuous. Moreover, if dQ denotes surface measure on 37) then dux,T(Q, A) = K(x, T; Q, s) dQ ds and for any parabolic surface cylinder A of 37) X (0, T) (see notations below) 1 r V/2 C r jÄj//2(*> T; Q, s) dQ ds < -Jk(x, T; Q, s) dQ ds where |A| = fA dQ ds and C is a constant depending only on dimension, the Lipschitz character of 7) and (x, T). C can be taken independent of the points (x, T) provided these points are allowed to vary over a fixed compact subset of D+ .
The above result leads to the solvability of the initial-Dirichlet problem for the heat equation with given lateral data in Lp, p^2.
More precisely, if g G Lp(dD X (0, T)) with p > 2, then there exists a unique solution of Lu -0 in 7) X (0, T) satisfying the zero initial condition and at almost every point, (Q, s), of 37) X (0, T) converging to g(Q, s) through parabohc cones with vertex at (Q, s) (see Theorem 3.2).
We point out that for general domains in R"+ ' whose boundary is composed of a base and a lateral part, S, which is described locally by the graph, xn = f(xx,...,xn_x,t), with / Lipschitz continuous in the space variable and Holder continuous of order \ in time, caloric measure and «-dimensional Hausdorff measure on S may be mutually singular. For details and further references the reader should see [10] .
Before continuing, the authors wish to thank Professor Carlos E. Kenig for the many helpful discussions related to this paper. These discussions and his work with David Jerison provided us with the basic ideas and tools needed for the results.
Our paper is divided into three sections. §1 proves the absolute continuity of a>x-T with respect to surface measure on 37) X (0, T) and establishes the L2-integrability of the Poisson kernel,
The main tool of this section is the identity in Lemma 1.1, which is a parabolic version of the identity 2.1 in [7] for the Poisson kernel of Laplace's equation. In §3 we combine the results of §2 with the fundamental work of Muckenhoupt in [9] to conclude the mutual absolute continuity of caloric measure, ux,T, and surface measure on 37) X (0, T). Another consequence is the construction of the solution to the initial-Dirichlet problem for the heat equation with zero initial values and lateral data equal to a given g G Lp(dD X (0, T)),p^ 2.
Much of the notation we will use is either standard and needs no elaboration or will be explained at the time it is introduced. For now we wish to give the basic geometric definitions and objects repeatedly used in this work.
Our primary domains will be the cylinders D+ = D X (0, oo) and DT = D X (0, T) for T < oo and their corresponding lateral boundaries S -37) X (0, oo) and ST = 37) X (0, T). Here 7) is a bounded region in R". The letters x and y will denote points in 7?" and will generally belong to D. x' and j' will denote points in R"~x and we will often write x = (x\ xn) when we wish to distinguish the nth coordinate of x. Letters P and Q will denote points on 37), the boundary of 7), and t and s will be used for time variables.
Definition. We call a bounded domain D G R" a Lipschitz domain if for each point Q G 37) there exist a ball, B = B(r,Q), with center Q and radius r, and a coordinate system of R" such that in these coordinates B n D = B n {(x',xn): xn > <p(x') and ||V«p||£.«»{/l»-i) < m < oo} and B n 37) = B n {(*', <p(x')): x' 6Ä""1}.
We will assume the radius of the ball, B, and the constant m in the above definition are chosen independent of Q G 37). This radius, r0, and the number m define what we will call the local Lipschitz character of D. If in a given estimate the constant depends only on the dimension, n, m, r0, and the number of coordinate balls of radius r0 needed to cover 37), then we will say the "constant depends only on the Lipschitz character of D ". Ar(g, t) will be called the (parabohc) surface cylinder of ST with radius r and center Q,t.
Throughout the rest of this paper 7) will denote a bounded Lipschitz domain in R". If the functions, <p, whose graphs describe 37) locally are C°°(7v"_1), then D is called a smooth domain.
1. The L2-integrability of the Poisson kernel. In this section we turn our attention to the absolute continuity of caloric measure with respect to surface measure on S = 37) X (0, oo ) and to the square integrability of the Radon-Nikodym derivative, which is the Poisson kernel. For smooth domains, 7), if NQ denotes the inner normal to 37) at Q, the function, (dG/dNQ)(x, Q,t -s), is the Poisson kernel for L in D+ , i.e., the potential, -f'l win Axo,Q,s)K(x,Q,t-S)dQds.
We now substitute in ( 1.2) to obtain Since the procedure for estimating both integrals is the same, we will give the details only for the first one. We consider % = {(y, &■ {\y -Qr\2 + \s-tr\Y/2 < <*r)
with a chosen in a way such that ^2r(Q0, s0) n GJir -0. We are now ready to prove the main theorems of this section. These results assume D is a bounded Lipschitz domain in 7?" containing the origin, 0. where the constant depends only on the dimension, the Lipschitz character of 7), and max(T, 1). Suppose now that D is Lipschitz and Tí is a ball with center Q G 37) for which B n 37) = {(/, <p{y')):y' G R"~x,\\V(p\\LX < m).
We can find a sequence of smooth domains, DJ, and a sequence of smooth functions, <p-, such that (a) <p,--» <p uniformly, (b) V<py-* V<p a.e. in R"x, (c) ||V«p,-||i.« < 2m, and (d) B n {(/, <Pj(y'))} G 37X
Denote by u, the caloric measure associated with Dj and suppose / is a continuous function on R"+x whose support is compactly contained in B+ = B X (0, oo). From Lemma 1.2 and the preceding argument in the smooth case 2. Boundary behavior of the Poisson integral. In this section we study the parabohc nontangential maximal function associated with the potential u(x,t) = ff(Q,s)dux-'(Q,s).
Js
For Q0 G 37) we let B0 denote the ball of radius r0 and center Oo f°r which there exists a coordinate system of R" so that relative to this system B0nD = B0n {y = (y',y"):yn><p(y')}-Also in terms of these same coordinates we describe the (inner) nontangential parabolic cone with vertex (Q0, s0) by <c( K(Qr, Q, s)K(Qr, Q,20r2 -s) dQds < cr"""1.
•^3,(60.0)
Collecting the above estimates we obtain
JKo \JlS.}r(Qo,s0) I For j = 1,2,..., 6 we proceed in the manner described above. Suppose now that j > 6. The function h(x, t) = JR f(Q, s)K(x, Q, t -s) dQ ds is a nonnegative solution of the heat equation vanishing in a neighborhood of Av-2r(Q0, s0). The boundary Harnack principle in [6] implies (2.4) h(x,t)<ch(Q2jr,t2jr)
for (x, t) G 4'2J-2r(Qo' Jo) with c independent of y and r. We choose coordinates in 7?" so that Q0 is the origin and and from (2.8) and (2.9) the desired inequality follows quite easily.
3. The initial-Dirichlet problem. In this section we prove our main results concerning the mutual absolute continuity of caloric and surface measure and the construction of a unique solution to the initial-Dirichlet problem in D+ with zero initial values and lateral boundary values equal to some given Lp data, p>2. Since this class of/'s is dense in LP(ST), 2 =£/? < oo, condition (ii) follows from a fairly standard argument. For the uniqueness we may assume u satisfies conditions (i)-(iii) with / = 0 and, of course, we seek to prove u = 0. We first fix a coordinate ball Br with center Q0 on 37), i.e.
Bro n D = {x = (x', x"): \x\ < r0, x" > <p(x')}.
For e > 0 and sufficiently small, the function ue(x, t) = u(x', xn + e, t) is continuous in (Br<¡ n D)T and since it is zero initially (condition (i)) »e(x, t) = if ucdo>xB'+ (t < T). 
